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Öåëü èññëåäîâàíèÿ

Öåëü ðàáîòû:

1. Ïîëó÷åíèå ðåøåíèé óðàâíåíèÿ Îâñÿíèêîâà-Êàëàíà-Ñèìàí÷èêà íà ýôôåêòèâíûé ïîòåíöèàë
ïåðåíîðìèðóåìîé áåçìàññîâîé φ4 ìîäåëè â ïðèáëèæåíèÿõ ëèäèðóþùèõ ëîãàðèôìîâ è ñëåäóþùèõ çà
ëèäèðóþùèìè ëîãàðèôìàìè.

2. Ïîëó÷åíèå è ðåøåíèå óðàâíåíèé îáîáù¼ííîé ðåíîðìàëèçàöèîííîé ãðóïïû äëÿ íåïåðåíîðìèðóåìîé
ìîäåëè φ6 ±m2φ2.

3. Íàïèñàíèå ïðîãðàììû äëÿ ÷èñëåííîãî ðåøåíèÿ óðàâíåíèÿ îáîáù¼ííîé ðåíîðìàëèçàöèîííîé ãðóïïû
äëÿ íåïåðåíîðìèðóåìîé ìîäåëè ñ íåòðèâèàëüíûì ìèíèìóìîì, êàê óðàâíåíèÿ â ÷àñòíûõ
ïðîèçâîäíûõ.
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Àêòóàëüíîñòü èññëåäîâàíèÿ

Ïîñòðîåíèå è ðåøåíèå óðàâíåíèé îáîáù¼ííîé ðåíîðìàëèçàöèîííîé ãðóïïû, ñóììèðóþùèõ
ëèäèðóþùèå âêëàäû âñåõ ðàäèàöèîííûõ ïîïðàâîê â ýôôåêòèâíûé ïîòåíöèàë ïðîèçâîëüíîé
ìàññèâíîé ñêàëÿðíîé òåîðèè ïîëÿ, íåîáõîäèìî äëÿ îáîáùåíèÿ äàííîãî ïîäõîäà íà áîëåå øèðîêèå
êëàññû ìîäåëåé.

Ïîëó÷åíèå ýôôåêòèâíîãî ïîòåíöèàëà â ìîäåëè ñòåïåííîãî ïîòåíöèàëà, ñîäåðæàùåãî íåòðèâèàëüíûé
ìèíèìóì èìååò òåîðåòè÷åñêîå çíà÷åíèå äëÿ ïîäõîäà, â êîòîðîì èññëåäóþòñÿ íåïåðåíîðìèðóåìûå
ìîäåëè, òàê êàê áûë ðàçðàáîòàí àëãîðèòì ïîëó÷åíèÿ ÷èñëåííîãî ðåøåíèÿ óðàâíåíèÿ îáîáù¼ííîé
ðåíîðìàëèçàöèîííîé ãðóïïû â ïðèáëèæåíèè ëèäèðóþùèõ ëîãàðèôìîâ.
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Ýôôåêòèâíûé ïîòåíöèàë

Äèíàìèêó ðàññåÿíèÿ â ïîäõîäå âíåøíåãî ïîëÿ îïðåäåëÿåò ýôôåêòèâíîå äåéñòâèå[Coleman, Weinberg ′73] :

Γ(φ) = W (J)−
∑
i

∫
d4xJi(x)φi(x),

çäåñü W (J) =
∑

n1,n2,...,nk

1

n1!n2!...nk!

∫
d4x1...d

4xn1 d4v1...d
4vn2 ...d

4ω1...d
4ωnk×

G(n1,n2,...,nk)(x1, ..., xn1 , v1, ..., vn2 , ..., ω1, ..., ωnk )J(x1)...J(xn1 )J(v1)...J(vn2 )...J(ω1)...J(ωnk ),

Figure 1 Äàííàÿ èëëþñòðàöèÿ âçÿòà èç QFT II
Lecture Notes[N. Beisert ′2017] äëÿ ïîÿñíåíèÿ ñâÿçè

ìåæäó èñïîëüçóåìûìè ôóíêöèîíàëàìè.

Òàêæå W (J) = −i log Z(J), ãäå

Z(J) =

∫
Dφ exp

[
i

∫
d4x
(
L (φ) + Jx φx

)]
L =

1

2
∂µφ∂µφ− gV tree(φ)−

1

2
m2φ2

Çäåñü V tree(φ) - ýôôåêòèâíûé ïîòåíöèàë ïðîèçâîëü-

íîé ñêàëÿðíîé òåîðèè ïîëÿ â äðåâåñíîì ïðèáëèæåíèè.

Veff =
∞∑

n=0

(−g)n
[
gVn(φ) +Mn(φ)

]
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Äèàãðàììíàÿ òåõíèêà

Äèàãðàììû ôåéíìàíà â äàííîì ïîäõîäå äàþòñÿ íàáîðîì âàêóóìíûõ äèàãðàìì ñ êëàññè÷åñêèìè
âíåøíèìè ëèíèÿìè (çäåñü è äàëåå vn = dnV tree

dφn ):
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R′-îïåðàöèÿ

Èç òåîðåìû Áîãîëþáîâà-Ïàðàñþêà ïîñëå ïðèìåíåíèÿ R′-îïåðàöèè îñòàþòñÿ ëèøü ëîêàëüíûå
êîíòð÷ëåíû [Bogoliubow, Parasiuk′1957]

A
(n)
n = (−1)n+1 A

(n)
1

n

⇔ R′G = (1−
∑

γ KR′ −
∑

γγ′ KR′KR′ − ...)G
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Óðàâíåíèÿ îáîáùåííîé ðåíîðìàëèçàöèîííîé ãðóïïû

Â ñèìâîëüíîì âèäå ðåêóðåíòíûå ñîîòíîøåíèÿ ïðåäñòàâëÿþòñÿ âûðàæåíèÿìè:

n∆Vn =
1

4

n−1∑
k=0

∂2

∂φ2
∆Vk

∂2

∂φ2
∆Vn−1−k, n∆Mn =

1

2

n−1∑
k=0

∂2

∂φ2
∆Mk

∂2

∂φ2
∆Vn−1−k.

Ââåä¼ì ôóíêöèè
Σg(z, φ) =

∞∑
n=0

(−z)n∆Vn(φ) Σm(z, φ) =
∞∑

n=0

(−z)n∆Mn(φ), z =
g

ε

Òîãäà âçÿâ ïðîèçâîäíóþ ïî z îò îáåèõ ÷àñòåé ðåêóðåíòíûõ ñîîòíîøåíèé, ïðîñóììèðîâàííûõ ïî z

∂

∂z

∞∑
n=0

(−z)nn∆Vn = −
∞∑

n=0

n

4

n−1∑
k=0

∂2

∂φ2
(−z)k∆Vk

∂2

∂φ2
(−z)n−1−k∆Vn−1−k

∂

∂z

∞∑
n=0

(−z)nn∆Mn = −
∞∑

n=0

n

2

n−1∑
k=0

∂2

∂φ2
(−z)k∆Mk

∂2

∂φ2
(−z)n−1−k∆Vn−1−k

ïîëó÷èì ñèñòåìó óðàâíåíèé îáîáùåííîé ðåíîðìàëèçàöèîííîé ãðóïïû:

∂Σg

∂z
= −

1

4

(∂2Σg

∂φ2

)2
, Σg(0, φ) = V0(φ) = V tree(φ),

∂Σm

∂z
= −

1

2

∂2Σg

∂φ2

∂2Σm

∂φ2
, Σm(0, φ) = M0(φ) =

m2φ2

2
.
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Ñòåïåííîé ïîòåíöèàë

∂Σg

∂z
= −

1

4

(∂2Σg

∂φ2

)2
, Σg(0, φ) = V0(φ) = V tree(φ), (1)

∂Σm

∂z
= −

1

2

∂2Σg

∂φ2

∂2Σm

∂φ2
, Σm(0, φ) = M0(φ) =

m2φ2

2
. (2)

Ýôôåêòèâíûé ïîòåíöèàë äà¼òñÿ ôîðìóëîé:

Veff =
(
gΣg(z, φ) + Σm(z, φ)

)∣∣∣
z → − g

16π2 log( gv2 / µ2)

Â ñëó÷àå ñòåïåííîãî ïîòåíöèàëà ÷àñòè, êîòîðîãî ïåðåíîðìèðóþòñÿ ïîîòäåëüíîñòè ìîæíî ââåñòè íîâóþ
áåçðàçìåðíóþ ïåðåìåííóþ y = φ4−pz:

Σg(z, φ) =
φp

p!
f1(y) Σm(z, φ) =

m2φ2

2
f2(y)

Òîãäà ñèñòåìà íåëèíåéíûõ ÓÐ×Ï (1, 2) ñòàíîâèòñÿ ñèñòåìîé ÎÄÓ:

−4p!f ′
1(y)=

[
p
(
p− 1

)
f1(y) +

(
p− 4

)(
3p− 5

)
yf ′

1(y) +
(
p− 4

)2
y2f ′′

1 (y)
]2

, f1(0) = 1, f ′
1(0)=−

p
(
p− 1

)
4
(
p− 2

)
!

−2p!f ′
2(y) =

[
p
(
p− 1

)
f1(y) +

(
p− 4

)(
3p− 5

)
yf ′

1(y) +
(
p− 4

)2
y2f ′′

1 (y)
]
·

·
[
2f2(y) +

(
p− 4

)(
p− 1

)
yf ′

2(y) +
(
p− 4

)2
y2f ′′

2 (y)

]
, f2(0) = 1, f ′

2(0) = −
1(

p− 2
)
!
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φ4 ±m2φ2

LLA φ4 effective potential

V (1)
eff(φ) m2>0

V (1)
eff(φ) m2=0

V (1)
eff(φ) m2<0

φ

V (1)
eff(φ)

Figure 2 Çåë¼íîé, ñèíåé è ñåðîé êðèâûìè èçîáðàæåíû
ýôôåêòèâíûå ïîòåíöèàëû â ïðèáëèæåíèè ëèäèðóþùèõ
ëîãàðèôìîâ â φ4 + m2φ2, φ4 − m2φ2 è áåçìàññîâîé φ4 ìîäåëÿõ
ñîîòâåòñòâåííî.

Ïðè p = 4 ñèñòåìà
íåëèíåéíûõ ÎÄÓ óïðîùàåòñÿ äî ñèñòåìû
ëèíåéíûõ ÎÄÓ ñ ðàçäåëÿþùèìèñÿ
ïåðåìåííûìè (y = φ0z = z):

f ′
1(z) = −

3

2
f1(z)

2, f ′
2(z) = −

1

2
f1(z) · f2(z)

f1(±0) = f2(±0) = 1,

È ðåøåíèÿ óðàâíåíèé íà f1(z), f2(z)
âîñïðîèçâîäÿò õîðîøî èçâåñòíûå â
ëèòåðàòóðå ïåðåíîðìèðóåìîé φ4 òåîðèè.

f1(z) =
1

1 +
3

2
z

f2(z) =

(
1

1 +
3

2
z

)1/3

V
(1)
eff (φ) =

φ4

4!

g

1−
3

2
g log

gv2

µ2

+
m2φ2

2

(
1

1−
3

2
g log

gv2

µ2

)1/3
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φ6 ±m2φ2

Ïðè p = 6, ñèñòåìà ÎÄÓ ÿâëÿåòñÿ ñóùåñòâåííî íåëèíåéíîé:
−720f ′

1(y) =
[
15f1(y) + 13yf ′

1(y) + 2y2f ′′
1 (y)

]2
, (3)

−2p!f ′
2(y) =

[
15f1(y) + 13yf ′

1(y) + 2y2f ′′
1 (y)

]
·
[
f2(y) + 5yf ′

2(y) + 2y2f ′′
2 (y)

]
, (4)

ñ ãðàíè÷íûìè óñëîâèÿìè: f1(0) = 1, f ′
1(0) = −

5

16
f2(0) = 1, f ′

2(0) = −
1(

p− 2
)
!

Ýôôåêòèâíûé ïîòåíöèàë äà¼òñÿ âûðàæåíèåì: V (1)
eff =

(gφ6

6!
f1(y) +

m2φ2

2
f2(y)

)∣∣∣∣
z → −g log( gv2 / µ2)

LLA φ6 effective potential m2>0

V (1)
eff(φ) Veff(φ)

φ

V (1)
eff(φ)

LLA φ6 effective potential m2<0

V (1)
eff(φ) Veff(φ)

φ

V (1)
eff(φ)

Figure 3 Êðàñíîé êðèâîé ïîêàçàí ýôôåêòèâíûé ïîòåíöèàë â ïðèáëèæåíèè ëèäèðóþùèõ ëîãàðèôìîâ, ñèíåé êðèâîé
� äðåâåñíûé ýôôåêòèâíûé ïîòåíöèàë â ìàññèâíîé φ6 ìîäåëè.
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Ïîòåíöèàë ñ íåòðèâèàëüíûì ìèíèìóìîì

Èññëåäóåìûé â ðàáîòå ýôôåêòèâíûé ïîòåíöèàë ñîäåðæèò íåòðèâèàëüíûé ìèíèìóì:

V tree(φ) = g
φ2

m2
(φ2 −m2)2 = g(

φ6

m2
− 2φ4 +m2φ2), (5)

n∆Vn =
1

4

n−1∑
k=0

∂2

∂φ2
∆Vk

∂2

∂φ2
∆Vn−1−k.

∂Σ

∂z
= −

1

4

(∂2Σ

∂φ2

)2
, Σ(0, φ) = V tree(φ), (6)

Veff = gΣ(z, φ)|z → −g log( g v2/ µ2) , ãäå v2 =
d2V tree

dφ2

Øèðèíà ðàñïàäà ëîæíîãî âàêóóìà â èñòèííûé ìîæåò áûòü âû÷èñëåíà ïî ôîðìóëå[Coleman′1977]:

Γ ∼ exp

[
−2

∫ φ1

φ0

dφ
√

2mVeff (φ)

]
.
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Ïîòåíöèàë ñ íåòðèâèàëüíûì ìèíèìóìîì

V tree(φ)

Veff(φ)

0.2 0.4 0.6 0.8 1.0
φ

0.02

0.04

0.06

0.08

0.10

V(φ)

g = 0.7

μ = 6 g

0.00002

-0.00340895

V tree(φ)

Veff(φ)

0.2 0.4 0.6 0.8 1.0
φ

0.01

0.02

0.03

0.04

0.05

0.06

V(φ)

g = 0.4

μ = 7 g

0.00002

-0.00126931

Figure 4 Êðàñíîé êðèâîé ïîêàçàí ýôôåêòèâíûé ïîòåíöèàë â ïðèáëèæåíèè ëèäèðóþùèõ ëîãàðèôìîâ, ñèíåé êðèâîé
� äðåâåñíûé ýôôåêòèâíûé ïîòåíöèàë â φ2(φ2 − m2)2 ìîäåëè.
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Ïîòåíöèàë ñ íåòðèâèàëüíûì ìèíèìóìîì

V tree(φ)

Veff(φ)

0.2 0.4 0.6 0.8 1.0
φ

0.005

0.010

0.015

0.020

0.025

0.030

V(φ)

g = 0.2

μ = 8 g

0.00002

-0.000351152

V tree(φ)

Veff(φ)

0.2 0.4 0.6 0.8 1.0
φ

0.01

0.02

0.03

0.04

0.05

0.06

0.07
V(φ)

g = 0.45

μ = 8 g

0.00002

-0.00177771

Figure 5 Êðàñíîé êðèâîé ïîêàçàí ýôôåêòèâíûé ïîòåíöèàë â ïðèáëèæåíèè ëèäèðóþùèõ ëîãàðèôìîâ, ñèíåé êðèâîé
� äðåâåñíûé ýôôåêòèâíûé ïîòåíöèàë â φ2(φ2 − m2)2 ìîäåëè.

13



Ïîòåíöèàë ñ íåòðèâèàëüíûì ìèíèìóìîì

V tree(φ)

Veff(φ)

0.2 0.4 0.6 0.8 1.0
φ

0.01

0.02

0.03

0.04

V(φ)

g = 0.3

μ = 12 g

0.00002

-0.00102118

V tree(φ)

Veff(φ)

0.2 0.4 0.6 0.8 1.0
φ

0.01

0.02

0.03

0.04

V(φ)

g = 0.3

μ = 16 g

0.00002

-0.00118514

Figure 6 Êðàñíîé êðèâîé ïîêàçàí ýôôåêòèâíûé ïîòåíöèàë â ïðèáëèæåíèè ëèäèðóþùèõ ëîãàðèôìîâ, ñèíåé êðèâîé
� äðåâåñíûé ýôôåêòèâíûé ïîòåíöèàë â φ2(φ2 − m2)2 ìîäåëè.
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Çàêëþ÷åíèå

Áûëè ïîëó÷åíû ðåøåíèÿ óðàâíåíèÿ Îâñÿíèêîâà-Êàëàíà-Ñèìàí÷èêà íà ýôôåêòèâíûé ïîòåíöèàëà
ïåðåíîðìèðóåìîé áåçìàññîâîé φ4 ìîäåëè â ïðèáëèæåíèÿõ ëèäèðóþùèõ ëîãàðèôìîâ è ñëåäóþùèõ çà
ëèäèðóþùèìè ëîãàðèôìàìè.

Áûëè ïîñòðîåíû è ðåøåíû óðàâíåíèÿ îáîáù¼ííîé ðåíîðìàëèçàöèîííîé ãðóïïû, ñóììèðóþùèå
ëèäèðóþùèå âêëàäû â ýôôåêòèâíûé ïîòåíöèàë ìàññèâíîé ñêàëÿðíîé òåîðèè ïîëÿ äëÿ ñëó÷àÿ
ñòåïåííîãî ïîòåíöèàëà.

Áûë ðàçðàáîòàí ìåòîä ðåøåíèÿ íåëèíåéíîãî ÓÐ×Ï (6).

Áûë ïîëó÷åí ýôôåêòèâíûé ïîòåíöèàë â ìîäåëè ïîòåíöèàëà ñ íåòðèâèàëüíûì ìèíèìóìîì â
ïðèáëèæåíèè ñòàðøèõ ëîãàðèôìîâ, à òàêæå èññëåäîâàíà åãî çàâèñèìîñòü îò ïàðàìåòðîâ µ è g.
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Ñïàñèáî çà âíèìàíèå
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φ4 â ïðèáëèæåíèè ëèäèðóþùèõ ëîãàðèôìîâ

Óðàâíåíèå Îâñÿííèêîâà-Êàëëàíà-Ñèìàí÷èêà:
[
µ2 ∂

∂µ2
+ β(g)

∂

∂g
− 2γ2(g)

]
Veff (t, g) = 0, ãäå t = ln

gφ2

µ2

Åãî ðåøåíèå: Veff (
φ2

µ2
, g) = Veff (1, ḡ) exp

[∫ ḡ

g
dg′

γ2(g′)

β(g′)

]
,

-40 -20 20 40
φ

-1000

-500

500

1000
V(φ)

g = 0.4
μ = 3.3714

10-3*V (1)
RG

ΔV2

ΔV1

V0

Figure 7 Îðàíæåâîé, ÷åðíîé, êðàñíîé è ñåðîé êðèâûìè
èçîáðàæåíû äðåâåñíûé ýôôåêòèâíûé ïîòåíöèàë, ýôôåêòèâíûé
ïîòåíöèàë â ËË ïðèáëèæåíèè, ïåðâàÿ è âòîðàÿ ðàäèàöèîííûå
ïîïðàâêè â áåçìàññîâîé φ4 ìîäåëè ñîîòâåòñòâåííî.

β-ôóíêöèÿ äëÿ áåçìàññîâîé ïåðåíîðìèðóåìîé

òåîðèè âûðàæàåòñÿ ÷åðåç àíîìàëüíûå

ðàçìåðíîñòè 4- è 2- òî÷å÷íûõ ôóíêöèé Ãðèíà:

β(g) = g(γ4(g) + 2γ2(g) ).

Â ïðèáëèæåíèè ËË èìååì γ
(0)
4 (g) =

3

2
g

è γ
(0)
2 (g) = 0, òîãäà ÄÓ íà ḡ :

∂

∂t
ḡ(t, g) =

3

2
g2, ñ ã. ó. : ḡ(0, g) = g.

Åãî ðåøåíèå ḡ =
g

1−
3g

2
ln

gφ2

µ2

.

Ýôôåêòèâíûé ïîòåíöèàë â ïðèáëèæåíèè ËË:

Veff (
φ2

µ2
, g) = Veff (1, ḡ).
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φ4 â ïðèáëèæåíèè ñëåäóþùèõ çà ëèäèðóþùèìè ëîãàðèôìîâ
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Figure 8 Êðàñíîé è çåë¼ííîé êðèâûìè èçîáðàæåíû ýôôåêòèâíûé
ïîòåíöèàë ñ àíàëèòè÷åñêè è ÷èñëåííî ïîëó÷åíûìè ðåøåíèÿìè ÄÓ
íà ýôôåêòèâíûé çàðÿä â ÑËË ïðèáëèæåíèè â áåçìàññîâîé φ4

ìîäåëè ñîîòâåòñòâåííî. ×¼ðíîé êðèâîé èçîáðàæåíà êîíñòàíòà èç
äèàãðàììû ñàíñåò óìíîæåíàÿ íà g3.

Â ÑËË ïðèáëèæåíèè

γ
(1)
4 (ḡ) =

3

2
g + 3g2, γ

(1)
2 (g) =

1

12
g2

β(g) = g( γ4(g) + 2γ2(g) ).

∂

∂t
ḡ(t, g) =

3

2
g2 −

17

6
g3, ñ ã. ó.: ḡ(0, g) = g.

Åãî ðåøåíèå:

ḡ (g,
φ2

µ2
)=

9

17

(
1+W0

((9− 17g) exp(
9

17g
− 1)

17g
(gφ2

µ2

)27/34 )) .

Âêëàä àíîìàëüíîé ðàçìåðíîñòè:

∫ ḡ

g
dg′

γ2(g′)

β(g′)
=

1

34
ln

∣∣∣∣
9

17
− ḡ(t, g)

9

17
− g

∣∣∣∣.
Ýôôåêòèâíûé ïîòåíöèàë â ïðèáëèæåíèè ÑËË: Veff (

φ2

µ2
, g) = Veff (1, ḡ)

∣∣∣∣9/17− ḡ(t, g)

9/17− g

∣∣∣∣1/34.
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